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The uniqueness of solution of mixed initial-boundary value problems for a ver=-
sion of linear viscoelasticity is proved, as is also the convergence of some appro-
ximate methods of solving these problems, Upon compliance with the conditions
W>0, my <mp andif m, = mpg, then A+ 2y > 0 the following cases of
the relationship between powers of the polynomials B and C are considered:
mp 2= mg + 2(Sect, 3), mg = m; and mg = m; + 1 (Sect, 4), These cases
include all the types of relations between the strains and stresses of the type(1.1)
used in the theory of viscoelasticity, As a mathematical foundation for such con-
straints, it can be noted that for m, > mp the Cauchy problem for a body occu-
pying all of space is always incorrect according to G, E, Shilov [11].

1. A version of linear viscoelasticity is considered with the following governing
relationships between the stress g;; and strain g;; tensors:

C (9) 045 = MA (0,) 88;; + 2uB (8) e (1.1
&5 = Yo (s + uji)

Here 4 (p), B (p) and C (p) are some polynomials of the variable p with the high-
est coefficient equal to unity and the powers my, mp = n, mg = m — 2, respectiv-
ely, A and p are the instantaneous elastic moduli, § = g;; is the volume strain, u;,;
is the partial derivative of the ith component of the displacement vector u of points
of the body with respect to the variable z;, 0, is the partial derivative with respect to
time ¢, and §;; is the Kronecker symbol; summation is performed over the repeated

subscripts,
It is natural to use the principle of possible displacements in the Lagrange form

‘S;ci,-ﬁside = (i — popuy) bu,a + § Psusds (1.2)
@ 8

for a generalized formulation of viscoelasticitv theorv probiems. where §y; is the vari-

ation of the displacement vector components, F = (F,, F,, F,) are the volume forces,

P = (P,, P;, P;) are forces acting on the boundary § of the volume € occupied

by the body, and p is the body density, Considering the variations §u; independent of

time ¢, let us eliminate 0;; from (1.2) by applying the operator C (d,) to (1.2) and

taking account of (1.1), If the vector function u in the equality thus obtained is a vec-

tor of the actual displacements of the body points, then this equality must be satisfied

at any time ¢ and for all arbitrary possible displacements §u;, and it hence continues

to be satisfied if Suy depend on time #. Let us present this equality which we have

additionally integrated with respect to time
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§ (14(2)08; 1 20B(0) &3;} e;;dQ dt —
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§ S duic @) (7 — po2u d@ dt + § (suc 0 P, ds at (1.3)
o8 oS

The equality (1, 3) is taken as the basis in thé generalized formulation of linear visco-
elasticity problems below,

For a complete formulation of the problem it is necessary to give the following ini-
tial and boundary conditions:

d'ulimo=a, k=0,..., max(n—1, m — 1) (1.4)
Nu|g = Npp (1.5)
Nosgviilg=N,P =P (1.6)

where v, are direction cosines of the exterior normal to the surface S, and Ny, N, are
mutually orthogonal projection operators in the space £% which depend piecewise-con-
tinuously on the coordinates of the surface S. The assignment of displacements or stres-
ses on the body boundary, respectively, denotes the case of identical operators V, or V,

It is furthermore considered that there is a degenerate part §, of the boundary § where
the operator /V, is identical, i, e, the possibility of body displacement as a rigid whole
is eliminated, and the operator &V; -} &, is identical for all points of §.

The following condition must be satisfied,

Consistency condition, There exists a vector function ( satisfying the ini-
tial and boundary conditions (1, 4),(1, 5).

2. Let us introduce certain spaces and let us examine their properties, The spaces
C* 10, T; H], L,10, T; Hl, W,k (Q) are considered known [2], That the vector
function belongs to any of them means that each of its components belongs to this space,

The boundary § of the bounded volume £ possesses a normal varying piecewise-
continuously on S and such that some cone of positive aperture can be adjoined from
within at each point §.

Definition 2,1, Thespace B|:™ (T) is the closure of the set of vector-func-
tions a = (a,, a,, az), a = C> (Q x [0, T]) in the norm

T n m
2 _ kg ko2
ﬂ aﬁgi’w m(T) - § {ggg u al a niyzn o _E_ ﬁgo H af a “LQ:(Q)} dt (2-1)
Let us introduce the following notation:
(a-b)y, = (46(a) 8;; 4 2pey; (a)) & (B) 4O (2.2)
Q

Definition 2.2.The closure of a subset of vector functions a &= C* (Q) satisfy-
ing the homogeneous boundary conditions (1, 5) is the space H, in the norm (2, 2).

Definition 2. 3. The closure of the subset of vector functions a<= C= (Qx
[0, T]) satisfying the homogeneous boundary and initial conditions (1. 4), (1. 5) in the
norm

T
I a”;g T % (atﬂya‘atna)yl dt 2.3
0
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is called the space By™ (T) if B > 0, A + 2p > 0. The space B,° (T') has the
special notation H, (T).
Note, When §, = §, the condition A -+ 2u ~> O can be replaced by the wea-
ker condition 3A -+ 2p > 0.
Definition 2,4. The closure of the subset of vector-functions a €= €= { X
[0, T1) satisfying the homogeneous boundary conditions (1. 5) in the norm
T
i = § ((@-a)y, + [90a i} dt (2.4
0
is the space Hg(T). The subset Hy (T') obtained by the closure of vector functions
which equal zero in some neighborhood of ¢ == T for each function is denoted by
He (D).
Definition 2.5, Bg*(T) is the subset of vector functions a = BT (T') such
that |d.al,q) is a function bounded in [0, T'1.
Definition 2,6, The space of elements b dual to the space H and with the

norm Ibly- =sup|(b-a), o llalx, acH

is called the negative space H ™,
Lemma 2.1, The following imbeddings of spaces with continuous imbedding

operator hold: Hc W Q), L., Q) < H
B, ()< BY™(T), By ™(T)Y< C™[0, T; W, (Q)]
BY ™ (1)< C* [0, T; WydHesmm=m= oy for n<<hk<m
BY ™) W, [0, T; Wil (D),  Hy(T) Wt(Q x [0, TY)

where the norm (2, 2) and the norm W,! (Q) are equivalent in the space H,and the
norms (2.3) and ‘B (T) in B," (I); I & A,. Here A,is the class of Liapunov
surfaces I, i.e, a finite number of domains I', each of which is representable parame-
wrically as z, = f, (4, ¥ ), where f,are continuously differentiable functions can be
isolated on the surface I', where any interior part of the surface T’ belongs to the
union of some strictly interior closed subdomains I', for each such part, The proof
results from Theorem 3, 2 (see [21, Chapt, 1) and the Korn inequality,

Lemma 2,2, Letthere be a set of m vector functions. a,, ..., &, with the fol-

lowing properties : a e ng (Q)’ k= 0, co,n—1
a, = Wé‘(km.s—n)(m—n}" (Q), k=n,...,m—1, if m>n

In this case there exists a vector function a & B} (T) taking this set as the initial
values (1,4), If the functions a,, satisfy the homogeneous boundary conditions (1, 5) in
the sense of the spaces to which they belong, then the vector function a also satisfies
the homogeneous boundary conditions (1, 5), The proof results from Theorem 3,2 (see
[2], Chapt. 1),

Lemma 2,3, Forany vector function @ given on some surface ' Q, ' e= A4,
such that 8@ = L, [0, T; W3 (D)1 A =0, ..., n — 1, there exists a vector
function a & B;"" (T) taking the value @ on I', where if 8 @ =0, & =0, ...,
n — 1 for ¢ = 0, then d,fa = 0 also for ¢ == () and the reconstruction operator is
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continuous, The proof is carried out analogously to [3],

Lemmas 2,2 and 2, 3 indicate important particular cases of the existence of the vec~
tor function @ from the consistency condition for a definite class. It must be noted that
the representation ¢ -1

a(zi, 1) = R‘z—n‘f_% o a (x5, ) dv 2.5)
0

is valid for a vector function a & By"™ (I') with initial valuesd,fa = 0, & = 0,..,
n —1fort =0,

8, Each of the three cases of the relationship between the powers of the polynomials
B and ¢ mentioned in Sect.1 in connection with the singularities in the formulation
of the problem, should be examined separately,

Definition 3,1, The vector function-u & B;"" (T) satisfying the initial and
boundary conditions (1. 4), (1. 5) such that the equality (1. 3) is valid for any vector func-
tion 8u & H, (T) is called the generalized solution of the linear viscoelasticity prob-
lem in the case n = mp > mg -+ 2 .

The case m4 = mp is examined for definiteness, Let the vector function @ from
the consistency condition be such that ® = By"" (T'). We seek the generalized solu-
tion of the linear viscoelasticity problem in the form

u=1u, +® (3.1)

where the vector function u, evidently belongs to the space Bj (I'). By introducing the
notation v = g;"u, and taking account of (2. 5),(83.1), Eq. (1, 3) can be reduced to the
following form: T

(v-8u)g, gy = § {B1(V, Bu) + R (®, F, P, Su)}dt (3.2)

o

where R, is some integro-differential form which is linear in each of its variables. It
must be noted that the form £; (v, Su) contains the variable v only under the integral
with respect to time {, with the exception of the term p (v-8u)p,0) for me4-2 =
mpy, which must be added to the expression for the norm H in this case, For p > 0
such a new norm K, is equivalent to the old one.

It can be shown that the uniqueness of solution of (3, 2) in the space H, (7) is equi~
valent to the existence of a single generalized solution of the linear viscoelasticity
ptoblem, All the properties and methods of the solution of (3, 2) are easily carried over
directly to (1.3). Therefore, (3, 2) will be investigated below, and the results again for~
mulated for (1.3). The investigation is carried out analogously in Sect. 4,

Theorem 3,1, Let the following conditions be satisfied :

D ome+-2<mp=n ma<mp 2) u_>0,3) if ma = msz,

nyn

then A4+ 2p >0, 4) if mp = me + 2, then p >0, 5) ® = By (7),
6) CO)Fe L 10, T; Hyl, ) € (9) Py = L,l0, T3 W (S)]

In this case: 1) there exists a single generalized solution of the linear viscoelasticity
problem in the sense that has been introduced by Definition 3,1 ; 2) the solution can be
sought approximately by the Bubnov-Galerkin method in the form w,* = ¢ () 1 -+
«+o 7+ ¢, (£) ., where 1, is an orthonormal basis in [7, and the system of equations of
the Bubnov-Galerkin method is solvable at each step and the sequence u,* converges
strongly to the solution of the problem in the space B{™ (T).
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By estimating the members in the right side of (3, 2) by using the Hélder inequality,
it is easy to see that each of these members is a linear continuous functional in the vari-
able Ou = ¢ in the space H, (T). By the Riesz theorem on the representation of a
continucus linear functional in Hilbert space, (3, 2) can be written in the equivalent ope-

rator form 3.:
(v“p)}g, o (GTV'@)HZ(T) -+ (f'q))Hz(T) (3‘3)
The following iteration process is constructed
Vp == GTVn~1 + f

where v, is an arbitrary vector function, v, &= H, (T'). We call the corresponding
process for (1, 3) the method of "elastic solutions”, By using the Holder inequality, the
characteristic term in the expression {G¢v . @)y, is estimated as follows:

|

E (v — o) & () dag,; (1) dQ dv | <<

ml{ t§2

m, =max | E ()| for t [0, T

It must be noted that 7 is arbitrary in this inequality, Summing the estimates for all

the members of (GTV-@)u,r), the estimate
. t

16V [y, o < o {S vl o dr}% (3.4)

@ ¢y )

l/ﬂ
& (x) dadQ dt} e, axgo, 10

LR R

where

can be obtained by selecting ¢ = Grv and using Lemma 2, 1, where the constant m,
depends only on £ and is finite for 0 < ¢<C T < 00. The estimate

VG gy oy <V g, oy 27 ma D) () (3.5)

I (T)

is deduced from (8, 4), from which there results that for sufficiently large 4 the operator
Gr" is a compression operator, According to the principle of compressed mappings(3.3)
is uniquely solvable, By using the estimate (3, 5) the rate of convergence of the series
Vo -+ (Vi — Vo) s+ (Vg — Vy) -+ ... t0(8.3) is found, Therefore, the following theo=
rem is valid, from Wwhich the first part of the assertion in Theorem 3.1 follows,

Theorem 3,2, Letall the conditions of Theorem 3,1 be satisfied, In this case
the sequence of approximate solutions of the method of elastic solutions reduces to a
single generalized solution of the linear viscoelasticity problem u with the velocity

S (MT)
<K 3 5

[u — uy
{ mBIl!n k==m

(1
Here the constant M depends only on T, and the constant K on the magnitudes of the
corresponding norms of the external forces, the vector function @, the initial approxi-
mation u, & BY™ (T), constants from the imbedding theorem; M and A™ are inde-
pendent of m.

The system of rth approximation equations of the Bubnov-Galerkin method in the
terminology of (3,2) is
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(Vi* )y, =R (v, p) + B (O, F, Py k=1, ;

The solvability of this integro-differential system for any # is proved just as the solva-
bility of (3,2), The estimate of the norm of the solution v, * obtained is hence inde-
pendent of the number r. Hence,a weakly convergent subsequence in Hy (T) can be
selected from the sequence V,* It is easy to show that this weak limit is indeed the
generalized solution of the problem, By virtue of the uniqueness of the solution of the
problem the whole sequence converges weakly, Strong convergence of the sequence v,.*
in the small time segment [0, T,] follows from the fact that (5, is a compression ope~-
rator for sufficiently small #. Now, examining the segment[7'y, 27,] and taking account
of the properties of the operator Gr and the strong convergence of v, *in the space
H, (T,), it can be seen that the sequence v, * converges strongly in the norm H, (27}),
etc,, until the whole segment [0, Tl is exhausted in a finite number of steps,

Note 1, Let ® &= C" [0, T; H,| and in the variable ¢

Yo.c@)Pias + §o,c(0) Fid
5 @

is a continuous operator in the space C° [0, T'; H,] in the space of continuous func=
tions, In this case the generalized solution of the problem (from Theorem 3) lies in the
space " [0, T; H,]. This note results from Theorem 1 formulated in [4],

Note 2., Inthe case of the so-called quasi-static problem (obtained formally from
(1.3) for p = 0) Theorems 3.1, 3.2 are true, where compliance with the condition
m¢ + 2 << mg is optional,

4, Let the vector function be ¢ & H,° (') , and for definiteness m4 = mMp-
Then (1, 3) is converted by the following two methods :
T
n i+ T+l A
@. u'q))gz oy S {(oo: u‘ai(p)zd, oy (st u'(P)Lg(Q) - (4.1)

0
T

(0ead"0- @)y, @ 8 = — (08,1 D)y, iy lmo + § Ro(w, F P, @) 2
]
for n = my=mg,
T

(atn“' (p)Hg T S {(patnu' atq))g,z o (pclatnu' W)L, (m} dt = (42)
0
T

(pan-fp)m(m ‘f=u - S Ry(w,F, P, @)dt for n=my=m,+1
@
Here R,, R, are linear forms in each of their variables containing §,fu only for

k<n.

Definition 4.1, The vector function u = By ™™ (T) [u & B," (T)] satis-
fying the initial and boundary conditions (1.4),(1,5) and the equalities (4.1),(4,2) for
any vector function ¢ &= H° (T), where the nth initial condition is taken in the fol~

lowing sense lim |8, u— a,l, g = 0 for t—0

is called the generalized solution of the linear viscoelasticity problem in the case
n=mpg=meg ln=mp=mec-+1}.
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Theorem 4.1, Let the following conditions be satisfied:

1) n=mp>ma 2)p >0 p>0 3)A+2p>0, if mp=mxy,
4) ® = BYL™I(T), if n=me, B ®= BT (D), if n=mc+ 1,
6) 0F7C (0) Fr = Ly (@ X [0, TN), 7) 9C (95) Py & L (S X [0, TD),
Hk=0..1 I>1

In the case n = m¢ [n = mc -+ 11: 1) there exists a single generalized solution
of the linear viscoelasticity problem in the sense of the definition 4,1 ; 2) the solution
can be found by the Bubnov-Galerkin method, where the system of equations of the Bub-
nov-Galerkin method is uniquely solvable at each step, the sequence of approximate
solutions of the Bubnov-Galerkin method lies in some sphere of the space By ™ ™(T')
[B;*'"™* (T)] and converges weakly to the generalized solution of the problem u &
Bttt (7Y [u = By (1)1 3) if I > 2, the sequence w, then converges
strongly in the space B> ™ (T) BT (7)1

The proof of the theorem of the existence of the Bubnov-Galerkin method for non~
stationary problems was first proposed in [5]

The course of the proof in the case n = m is described briefly below, As in Sect, 3,
the solution is sought in the form ¢

(t__c)n—l )
u=u+ @, uuzgm‘df
0

which reduces to an equivalent problem whose unique solvability involves the existence
of a single generalized solution of the linear viscoelasticity problem,
Equivalent problem, Find the vector function v & Hj (7) satisfying the fol~
lowing equality T
P, ry — \' {(P3,v-3,9)r, )y — (0¢13V @) ppc) —
0

T 1
{ ____ﬂn—-l
(pcw'q))l,z(ﬂ)}dt :S {R;.; (\vadr, F, P,(p) + Rs (D, rp)} dt 4.3)
0 [

for any vector function @ € H, (T) and v =0 for ¢ = 0.
The proof of the existence of the solution of the equivalent problem is by the Bubnov-
Galerkin method ; the 7 th approximation of the method

/i

v, = % (B ¥,
k=1
is found from the system of equations

a8 fogy, () o2, (0 + 7 W, =

PR o |
RS(S ———(:n _T?l)! Vr dr, F,P' \bk)+ Rs (0, \pk) (44)
0

with the initial conditions e, (0) = oy (0) == 0, k¥ = 1,..., r. Here the {4 are ele~
ments of the basis of the space H, such that

p (‘pk"pn)las(ﬁ) = 6}m
The uniqueness of solution of the system of Bubnov-Galerkin Egs. (4. 4) follows from the
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fact that a system of ordinary differential equations of normal type with constant coef-
ficients is obtained for the corresponding coefficients ary of the vector function

t

3 (t - ,t)n—l
uy, = S -———(n — 1) v. dv
0

The a priori estimate of the solution (4, 4) is proved in the space H, (T), for which
the kth equation of (4, 4) is multiplied by «,)’ and these equalities are then added and
integrated with respect to the time between the limits 0 and z A vector function is
contained in the right sides of (4, 4) only under the time integral, hence integrating by

parts with respect to ¢ in the equality obtained, we have
t

t
|§ 7wy BBy ov )y av| <o (v, By a4 Ma10.9, I gago, 7yt 051V 1,
0 o
The left side of the equality obtained is of the form
t t
i atv,‘ hz,(g) +a S I azvr “iz(Q) dt + CZS (vr'a-:vr)Lz(Q) dv -+ vr“%'h
0 0
A uniform estimate for all 0 < ¢ <{ T, independent of r
v, B, 109, 1] o) < Ms (4.5)

results from a comparison between the right and the left sides of the equality and the
Gronwall inequality, Here the constants My, k = 1,2,3 depend only on the magnitudes
of the corresponding norms ®, P, F and the length of the segment [0, T]. By virtue of
the a priori estimate (4, 5), a subsequence converging weakly to v, in the space
Hy(T) can be selected from the sequence of approximations v, . The imbedding ope~
rator H3(T) in the space L,(Q) is completely continuous, hence v, = 0 for ¢ = 0.

The system (4, 4) reduces to the form (4, 3) for which the 4th equality in (4,4) is
multiplied by dj (), the equalities are then added, integrated with respect to time, and
where necessary integrated by parts with respect to time. A passage to the limit shows
that v, satisfies (4, 3) for any function ¢ of the form

N
¢=Nd O, d(T)=0 (4.6)
k=0
Because the set of functions of the form (4.6) is compact in Hs® (T), there results that
v, is a solution of the equivalent problem, To prove the uniqueness of the solution, we
set s
(p:x(t).—_Sv(r)dr, X)) =0, if t>s
t

in(4,3) for F=0,P = 0, ® = 0. After elementary estimates similar to those made
to obtain the inequality (4, 5), we obtain

8
1 O g, 1V ) B, 0y < Ma {S It Ol ¢t + 1% O o0}
0
from which the uniqueness of the solution of the equivalent problem results, It follows

from the uniqueness of the solution that the whole sequence of approximations v, of the
Bubnov-Galerkin method converges weakly in Hg(T).
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The reasoning relative to Eq, (4, 4) differentiated ! — 1 times with respect to time is
analogous to that presented above, and terminates the proof of the second part of Theo-
rem 4,1, The strong convergence of the subsequence of approximate solutions of the
Bubnov-Galerkin method can be shown by proceeding from the density of a function of
the form N

Ne®b, c ECO,T)

k=0
in the space B{»™(T) () Ba" (7). The case n = my + 1 is examined analogously : the
problem is reduced to the equivalent problem by the substitution (3,1), A certain dif-
ference in the investigation of the equivalent problem from that carried out above for
n = mg is the following: firstly, to obtain the a priori estimate of solutions of the
Bubnov-Galerkin system it is necessary to multiply the kth equation of the system by
o, but not by @, , and secondly, it is necessary to prove boundedness in the norm
L, (Q) for all 0 < ¢ < T for the limit element of the Bubnov-Galerkin sequence, The
method of investigating the equivalent problem agrees completely with the correspond-
ing method of investigating a linear parabolic equation [6].

Note 1, Conditions (6),(7) of Theorem 1 can be replaced by the following

af C @) Fe Ly 10, T; Hy
8k C () Py = Ly 10, T; W, ()]

Note 2. All the results obtained above are valid for the plane viscoelasticity prob-
lem,

Note 3. All the results obtained above can be extended to the case of an anisotro-
pic body, where the coefficients of the appropriate polynomials can depend piecewise-
continuously on the coordinates x; and time /.

The author is grateful to I, I, Vorovich for attention to and aid in the research,
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